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Abstract
We study the complexity growth by using ”complexity = action” (CA) proposal in
Minimal Massive 3D Gravity(MMG) model which is proposed for resolving the bulk-
boundary clash problem of Topologically Massive Gravity(TMG). We observe that the
rate of the complexity growth for BTZ black hole saturates the proposed bound by
physical mass of the BTZ black hole in the MMG model, when the angular momentum
parameter and the inner horizon of black hole goes to zero.
1 Introduction
One of the holographic conjectures about the inside of black hole is that its growth is dual
to the growth of quantum complexity [15, 20]. Complexity of a quantum state is defined
by the minimum number of simple gates which are needed to build a quantum circuit that
constructs them from a reference state.
In the context of AdS/CFT duality, One conjecture is ”complexity = volume” (CV), the
conjecture is an example of the proposed connection between the tensor network and the
geometry of space-time [17–19] . The volume of a maximal spacelike slice into the black hole
interior, is proportional to the computational complexity of the dual conformal field theory
state [16],
Complexity ∼ V
GN lAdS
, (1.1)
where V is the volume of the Einstein-Rosen bridge(ERB), lAdS is AdS radius, and GN is
Newton’s gravitational constant.
The other conjecture is ”complexity = action” (CA), the quantum computational com-
plexity of a holographic state is given by the on-shell action on the ”Wheeler De-Witt”
patch [20, 21],
C(Σ) = SWDW
π~
, (1.2)
where Σ is the time slice which is the intersection of any Cauchy surface in the bulk and
the asymptotic boundary. It is conjectured that there is an upper bound on the rate of the
complexity growth [21]
dC
dt
≤ 2M
π~
, (1.3)
where M is the mass of black hole. For uncharged black hole the bound is saturated. The
above bound is equal to Lloyd’s bound which its origin is in quantum computation, if we
consider the mass of black hole as the energy of the system.
The Aharonov-Anandan-Bohm bound involves the standard deviation of the energy [2, 3]
orthogonality time ≥ π~
2∆E
, (1.4)
note that the above inequality is similar to Heisenberg’s uncertainty of time-energy prin-
ciple. The above bound is saturated by a two-state quantum system
|ψ(t)〉 = 1√
2
(|0〉+ eiEt|E〉) −→ |〈ψ(t)|ψ(0)〉 = cos(Et
2~
)
. (1.5)
To generalize and make precise Lloyd’s notion of ”operations per second”, in [21] authors
considered how complexity builds up in an isolated unitary evolving quantum system in a
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general quantum state. They proposed a similar bound on the complexity growth rate based
on the works of Aharonov-Anandan-Bohm, Margolus-Levitin and Lloyd [2–7]. Informally
this is the growth rate of the number of simple gates which are needed to construct the state
of the computer from a reference state,
d(number of gates)
dt
≤ 2E
π~
. (1.6)
In this paper we study the complexity growth by using ”complexity = action” (CA) con-
jecture in Minimal Massive 3D Gravity(MMG) Model [8], which is proposed for resolving the
bulk-boundary clash problem of Topologically Massive Gravity(TMG) [1], in some regions
of parameter space of the model. The method is adding a new consistent term to the action
of the TMG model in the vielbein formalism.
In the second section we review shortly the MMG model. In third section we consider
the BTZ black hole in MMG model, we introduce the components of vielbein and calculate
the non-vanishing components of spin-connection and the auxiliary field of this space-time
by solving the equations of motion of MMG model in the vielbein formalism, by plugging
the rotating BTZ black hole ansatz. In forth section we consider the well defined variational
principle for MMG model and we find the Gibbons-Hawking term for BTZ black hole solu-
tion case.
In fifth section we calculate the rate of complexity growth by using ”complexity = action”
(CA) conjecture in MMG model and we observe that the rate of the complexity growth for
BTZ black hole saturates the proposed bound by physical mass of the BTZ black hole in
the MMG model, when the angular momentum parameter and the inner horizon of black
hole goes to zero. Finally we consider the TMG limit of the model and we observe that the
rate of the complexity growth saturates the proposed bound by physical mass of the BTZ
black hole in the TMG model, when the inner horizon of black hole goes to zero. The sixth
section is devoted to summary.
2 Minimal Massive 3D Gravity
The Minimal Massive 3D Gravity(MMG) [8] is a proposed model for resolving the bulk-
boundary clash problem in the Topologically Massive Gravity(TMG) [1], in some region of
parameter space of the model. The method is adding a new consistent term to the action
of TMG in the vielbein formalism [8]. Note that the bulk-boundary clash problem means
that; in TMG we have not positive energy of graviton and unitary dual 2D conformal field
theory or positive central charges on the boundary at the same time [8,12]. The Lagrangian
3-form of the Minimal Massive 3D Gravity in the vielbein formalism is [8]:
LMMG = −σe.R + Λ0
6
e.e× e+ h.T (ω) + 1
2µ
(
ω.dω +
1
3
ω.ω × ω)+ α
2
e.h× h, (2.1)
where e, is the vielbein, ω is the spin-connection and h is the Lagrange multiplier or the
auxiliary field. Note that the dot and the cross mean the internal and the external product
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respectively, the dot implies contraction of the Lorenz indices of two fields with each other
and the cross means contraction of the Lorenz indices of two fields with two indices of the
Levi-Civita tensor. And also it is worth noting that the linearized equations of motion of
MMG is similar with the linearized equations of motion of TMG by making use a redefini-
tion of topological mass parameter [9–11]. Therefor the model has a single local degree of
freedom that is realized as a massive graviton in linearization which is similar to TMG.
Note that the action of MMG is only in the vielbein formalism. Because for finding the
action in the metric formalism we have to use the equation of motion which is obtained by
varying the action with respect to the vielbein field. Therefore we must use the dynamics of
the metric for obtaining the action in the metric formalism. Clearly it is not true, because we
have to vary the action to find the equations of motion in the metric formalism. Therefore
there is the action of MMG only in the vielbein formalism. Then we have to work in the
vielbein formalism for calculations in the context of action.
The equations of motion derived from the action of MMG Eq. (2.1) are [8]
T (ω)− αe× h = 0, R(ω) + µe× h + σµT (ω) = 0, (2.2)
and
−σR(ω) + Λ0
2
e× e+D(ω)h+ α
2
h× h = 0. (2.3)
The curvature and the torsion 2-forms are defined as follows:
R(ω) = dω +
1
2
ω × ω, T (ω) = de+ ω × e. (2.4)
To proceed we note that although for generic α 6= 0 the torsion, T (ω) is non-zero, one
may define a new torsion free spin-connection, Ω = ω + αh by which the Lagrangian 3-form
reads [11]:
LMMG(e,Ω, h) = −σe ·R(Ω) + Λ0
6
e · e× e + h · T (Ω) + 1
2µ
(Ω · dΩ+ 1
3
Ω · Ω× Ω)−
− 1
2µ
(
2αh · R(Ω)− α2h ·Dh+ α
3
3
h · h× h
)
+
+σαe ·Dh− α
2
(1 + σα)e · h× h. (2.5)
In this notation, assuming to have a well defined variation principle, by varying the
above action with respect to the three fields, (e,Ω, h) we obtain the corresponding equations
of motion as follows,
T (Ω) = 0, R(Ω) +
αΛ0
2
e× e+ µ(1 + σα)2e× h = 0,
D(Ω)h− α
2
h× h+ σµ(1 + σα)e× h + Λ0
2
e× e = 0. (2.6)
Here the covariant derivative is defined by D(Ω)A = dA + Ω × A, where the spin-
connection, Ω is obtained from first equation of motion, T (Ω) = de+Ω× e = 0, or in other
words the torsion-free condition.
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3 BTZ Black hole
The metric of the rotating BTZ black hole is given by [14],
ds2 = −(r
2 − r2+)(r2 − r2−)
l2r2
dt2 +
l2r2
(r2 − r2+)(r2 − r2−)
dr2 + r2
(
dϕ− r+r−
lr2
dt
)2
. (3.1)
The mass and the angular momentum parameter of the BTZ black hole, in terms of inner
and outer horizons of the black hole and AdS radius, respectively are:
M =
r2+ + r
2
−
8Gl2
, J =
r+r−
4Gl
. (3.2)
The non-vanishing components of the vielbein of the rotating BTZ black hole are:
et
0 =
√
(r2 − r2+)(r2 − r2−)
lr
, et
2 = −r+r−
lr
,
er
1 =
lr√
(r2 − r2+)(r2 − r2−)
, eϕ
2 = r. (3.3)
Note that the relation between the metric and the vielbein field is; gµν = ηabeµ
aeν
b,
where ηab, is the local Minkowski metric
By the first equation of motion, Eq. (2.6) which is the torsion free condition, one can
find the non-vanishing components of the spin-connection from the vielbein field Eq. (3.3)
as follows,
Ωt
2 = −r
l
, Ωr
1 = − r+r−
r
√
(r2 − r2+)(r2 − r2−)
,
Ωϕ
0 = −
√
(r2 − r2+)(r2 − r2−)
rl
, Ωϕ
2 =
r+r−
lr
. (3.4)
In following we can find the auxiliary field ”hµ
a”, from the second equation of motion,
Eq. (2.6), we can rewrite the equation in this form:
R(Ω) + e× h′ = 0, h′ = αΛ0
2
e + µ(1 + σα)2h, (3.5)
from the above equation we can find the ”h
′
µ
a” [13],
h
′
µ
a = −det(e)−1ǫλρσ(eλ aeµb − 1
2
eµ
aeλb)Rρσ
b, (3.6)
therefore one can find auxiliary field ”hµ
a” as follows
hµ
a = − 1
µ(1 + σα)2
[
det(e)−1ǫλρσ(eλ
aeµb − 1
2
eµ
aeλb)Rρσ
b +
αΛ0
2
eµ
a
]
. (3.7)
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We find the non vanishing components of hµ
a, by replacing the vielbein and spin-connection
fields in the above relation Eq. (3.7), as follows:
ht
0 =
1− αl2Λ0
2µl2(1 + σα)2
√
(r2 − r2+)(r2 − r2−)
lr
, ht
2 = − 1− αl
2Λ0
2µl2(1 + σα)2
r+r−
lr
,
hr
1 =
1− αl2Λ0
2µl2(1 + σα)2
lr√
(r2 − r2+)(r2 − r2−)
, hϕ
2 =
1− αl2Λ0
2µl2(1 + σα)2
r. (3.8)
One can see easily for the BTZ black hole we have,
hµ
a =
(
1− αl2Λ0
2µl2(1 + σα)2
)
eµ
a. (3.9)
We can use this relation for finding the Gibbons-Hawking term in BTZ black hole case,
by a well defined variational principle in Dirichlet boundary condition.
4 Variational Principle
The equations of motion, Eq. (2.6) rely on the fact that the model admits a well-imposed
variational principle. This procedure requires the proper Gibbons-Hawking term to make
sure that all boundary terms can be consistently removed. In this section we would like to
reexamine the well defined variation of the action leading to the corresponding equations of
motion.
To proceed let us consider the action of the MMG model Eq (2.5) whose variation with
respect to the fields e, Ω and h are given by [11];
δeL(e,Ω, h) = Ee · δe−D(Ω)(h · δe),
δΩL(e,Ω, h) = EΩ · δΩ +D(Ω)
(
σe · δΩ− 1
2µ
(Ω · δΩ− 2αh · δΩ)
)
,
δhL(e,Ω, h) = Eh · δh+D(Ω)
(
−σαe · δh− 1
2µ
(α2h · δh− 2αΩ · δh)
)
. (4.1)
Using the Stokes’ theorem the corresponding boundary terms appearing in the above
variation may be recast to the following form
δS|boundary = 1
8πG
∫
∂M
d2xǫij
(
hiaδe
a
j +
[
σe− 1
2µ
Ω +
α
µ
h
]
ia
δΩaj+
+
[− ασe+ α
µ
Ω− α
2
2µ
h
]
ia
δhaj
)
. (4.2)
For a well defined variational principle, we need a Gibbons-Hawking term to cancel
the boundary terms in the Dirichlet boundary condition. In general finding the Gibbons-
Hawking term is difficult for this model, but in the case of BTZ black hole solution, the
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”hµ
a” field is proportional with the vielbein field, ”eµ
a”, Eq. (3.9) therefore the variation
of the auxiliary field ”hµ
a” is as follows:
δhµ
a =
(
1− αl2Λ0
2µl2(1 + σα)2
)
δeµ
a, (4.3)
then the third term of variation of action on the boundary Eq. (4.2) is canceled by Dirichlet
boundary condition therefore the Gibbons-Hawking term in this case is:
SGH = − 1
8πG
∫
∂M
d2xǫij
(
σe˜+
α
µ
h˜
)
ia
Ω˜aj =
= − 1
8πG
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)]∫
∂M
d2xǫij e˜iaΩ˜
a
j , (4.4)
where e˜, Ω˜ and h˜ are the boundary vielbein, the boundary spin-connection and the boundary
auxiliary field, respectively.
5 Complexity Growth in Minimal Massive 3D Gravity
In the proposal known as ”complexity = action” (CA) the quantum computational complex-
ity of a holographic state is given by the on-shell action evaluated on a bulk region known
as the ”Wheeler-De Witt” patch [20, 21]
C(Σ) = SWDW
π~
, (5.1)
it is conjectured that there is an upper bound on the rate of the complexity growth [21]
dC
dt
≤ 2M
π~
, (5.2)
where M is the mass of black hole. For uncharged black hole the bound is saturated. Note
that here we use ”complexity = action” (CA) conjecture, because the bound on complexity
growth rate in ”complexity = action” (CA) is exactly the Lloyd’s bound. And also it is worth
noting that, however the first proposal was ”complexity = volume” (CV), but community
have paid more attention to ”complexity = action” (CA) conjecture and people have done
more works in this context.
The corresponding action of Minimal Massive 3D Gravity containing the Gibbons-Hawking
term is given by
S = SM + S∂M =
1
16πG
∫
M
d3xǫλµν [LMMG(e,Ω, h)]λµν−
− 1
8πG
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)]∫
∂M
d2xǫij e˜iaΩ˜
a
j , (5.3)
where [LMMG(e,Ω, h)]λµν is the Lagrangian 3-form of MMG which is defined in second sec-
tion by Eq. (2.5).
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To compute the rate of the complexity growth, we should calculate the difference between
the on-shell actions which are evaluated over two nearby WDW patches [25]. In the present
case by BTZ solution at the late time, only the region between the inner and outer horizons
contributes to this difference. Therefore we find;
δSM = SM
[
WDW |t+δt
]− SM[WDW |t] =
=
1
16πG
∫ t+δt
t
∫ r+
r−
∫
2pi
0
ǫλµν [LMMG(e,Ω, h)]λµνdtdrdϕ =
= − 2πδt
16πG
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)]∫ r+
r−
4r
l2
= −
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)](
r2+ − r2−
4Gl2
)
δt.
(5.4)
In following the contribution of the Gibbons-Hawking term Eq. (4.4) is given by
δS∂M = − 1
8πG
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)]∫
∂M
d2xǫij e˜iaΩ˜
a
j =
=
1
8πG
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)](∫ t+δt
t
∫
2pi
0
1
l2
(
2r2 − r2+ − r2−
)
dtdϕ|r+−
−
∫ t+δt
t
∫
2pi
0
1
l2
(
2r2 − r2+ − r2−
)
dtdϕ|r−
)
=
=
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)](
r2+ − r2−
2Gl2
)
δt. (5.5)
Therefore, we find the rate of the complexity growth by Eq. (5.1)
C˙ = 1
π~
dS
dt
≡ 1
π~
(
dSM
dt
+
dS∂M
dt
)
=
1
π~
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)]
r2+ − r2−
4Gl2
. (5.6)
We know the mass of BTZ black hole in MMG theory [43–45]
MMMG =
[
σ + α
(
1− αl2Λ0
2µ2l2(1 + σα)2
)](
r2+ + r
2
−
8Gl2
)
+
r+r−
4Gµl3
, (5.7)
one can see for r− = 0, which is the non rotating BTZ black hole case in 3D Einstein Gravity
(the angular momentum parameter is zero), we have
C˙ = 1
π~
dS
dt
=
2MMMG
π~
, (5.8)
it’s interesting, one can see the rate of the complexity growth saturates the proposed
bound [21] by the physical mass of the BTZ black hole in the Minimal Massive 3D Gravity
model.
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Finally let’s consider the TMG limit of the model when α = 0,
C˙ = 1
π~
dS
dt
≡ 1
π~
(
dSM
dt
+
dS∂M
dt
)
=
σ
π~
(
r2+ − r2−
4Gl2
)
. (5.9)
We know the mass mass of BTZ black hole in TMG theory [42], [43],
MTMG = σ
(
r2+ + r
2
−
8Gl2
)
+
r+r−
4Gµl3
, (5.10)
one can see for r− = 0, we have
C˙ = 1
π~
dS
dt
=
2MTMG
π~
, (5.11)
clearly the rate of the complexity growth saturates the proposed bound [21] by the physical
mass of the BTZ black hole in the Topologically Massive Gravity model.
6 Summary
In this work we study the complexity growth by using ”complexity = action” (CA) con-
jecture in Minimal Massive 3D Gravity(MMG) Model which is proposed for resolving the
bulk-boundary clash problem of Topologically Massive Gravity(TMG). We observe that the
rate of the complexity growth for BTZ black hole saturates the proposed bound by physical
mass of the BTZ black hole in the MMG model, when the angular momentum parameter
and the inner horizon of black hole goes to zero. We can say it is another evidence for the
hypothesis that black holes are the fastest computers in the nature [20], as they are the
fastest scramblers [22].
Recently some work have been done on quantum complexity in context of holography
and black holes [23–40], and also it needs more investigations and calculations in the other
Gravity models as higher derivative Gravity models and more black hole solutions, in addi-
tion it seems interesting to study the connection between holographic complexity and tensor
networks or butterfly effect in different context and models to achieve deeper understanding
of these important and interesting phenomenon of the nature.
Note added: As this work was being completed, [40] appeared which has minor overlap
with present paper.
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